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Exciton solid in bilayer two dimensional electron-hole systems
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We propose a state of excitonic solid for double layer two dimensional electron hole systems in
transition metal dicalcogenides stacked on opposite sides of thin layers of BN. Properties of the
exciton lattice such as its Lindemann ratio and possible supersolid behaviour are studied. We found
that the solid can be stabilized relative to the fluid by the potential due to the BN.
I. INTRODUCTION
There has been much recent interest recently in bi-
layer electron-electron (e-e) and electron-hole (e-h) in
graphene and transition metal dicalcogenides (TMDC)
systems. This follows earlier interest in the physics of
the two dimensional electron gas in single and double
layers in Si-MOSFET and in GaAs heterostructures. For
a single layer, the electrons are expected to be a fluid at
high densities and a solid at low densities[1]. For the bi-
layer electron-hole system, there has been much interest
in the possibility that the electron and hole forming an
exciton which then Bose condense into a superfluid. This
is usually expected in the limit with the exciton size less
than the average interparicle spacing so that the identity
of the exciton is well defined. The possibility of a Bose
condensate of excitons in this system has recently been
discussed by Wang and coworkers[2]. Optical evidence
is presented for the existence of excitons but no trans-
port measurement have been carried out. As far as we
know, there has been no study on the possibility of the
excitons forming a solid instead of a Bose fluid. A boson
can in principle exhibit both phases, as is exemplified by
the example 4He, which can exist in both a solid and a
superfluid phase. The energetics of this exciton solid is
different from that of the Wigner crystal, which is pre-
dicted to be stable at low densities. At large distances,
the excitons interact with each other with dipolar inter-
actions, much weaker than the Coulomb interaction of
the electron solid. The exciton solid by itself is not sta-
ble at low densities. In this paper we study the physical
properties of the exciton solid.
Monolayer graphene exhibit a linear dispersion near
the Fermi energy and the physics is different from those
with parabolic particle bands, which are exhibied by
two classes of experimental systems under active study
at the moment. These are double layer graphene and
double layer TMDC system sandwiching a BN layer.
The effective masses of the particles in the double layer
graphene (0.03me) is much smaller than that in the
TMDC (0.7me.) The thin BN layer is of thickness
d0 ≈ 5nm so that the electrons and holes in layers on
opposite sides of BN have a separation larger than d0.
Following our previous work on the phonons of rare gases
adsorbed on graphite[3], we carried out self-consistent
phonon calculation of the excitonic solid system. A cri-
terion of the stability of the solid is the Lindemann ratio,
usually defined as the root mean square lattice vibration
normalized by the lattice constant. In two dimension the
root mean square vibration can be infinite. A useful al-
ternative is to focus on the relative vibration between
nearest neighbours. For quantum melting, the melting
point occurs when this ratio is about 10 per cent[1]. We
found that for current experimental parameters, the Lin-
demann ratio for TMDC is about 20 per cent; for double
layer graphene, 63 per cent. However, the excitons are
in the presence of the BN layer. There is charge trans-
fer between Boron and Nitrogen of about Q ≈ 0.47 in
BN[6]. We study the phonon in the presence of the ex-
ternal potential due to BN and show the Lindemann ratio
can be changed. We found that the Lindemann ratio is
reduced to 7 per cent for TMDC and 27 per cent for bi-
layer graphene. This suggests that such an excitonic solid
state is indeed possible for current experimental system
with TMDC layers. Supersolid behaviour has been dis-
cussed for Boson solids such as solid 4He. We discuss the
possible manifestation of this kind of behaviour for the
current system.
II. EXCITON IN THE DOUBLE LAYER
STRUCTURE
To gain some intuition of the properties of the system,
we first discuss the physical property of a single exciton in
the bilayer structure with BN in between. We assume an
average dielectric constant of 4 from the screening by the
BN layer and an effective mass of 0.7 the electron bass.
The effective mass µ for the exciton is twice the electron
mass. The typical size of an ”ordinary” exciton is two
times the Bohr radius. The Bohr radius for the graphene
system (aB,graphene = 90A˚) is usually larger than the
effective BN layer thickness film that is of the order of
d = d0(ǫxy/ǫz)
1/2 = d0(6.93/3.76)
1/2 ≈ 67.9A˚ . The
Bohr radius for the TMDC system aB,TMDC = 3A˚. This
exciton size is smaller than the thickness of the BN layer,
however. The exciton binding energy for the double layer
graphene system is of the order Ryberg µ/me/ǫ
2 = 137K
. For double layer TMDC, the conventional formula gives
a binding energy more than twenty times larger. It is
much more difficult to ionize them. However, the exci-
ton in the TMDC system needs to be reexamined since
2the Bohr radius is now less than the BN layer thickness.
The motion of the electron hole system is now two di-
mensional. We discuss this next.
The transverse separation r of the two dimensional ex-
citon is at most of the order of the Bohr radius between
the the electron and the hole in the TMDC and is much
less than their vertical spacing d. The Coulomb poten-
tial energy between the electron and the hole can be ex-
panded as a power series in r/d as
V = −e2(r2 + d2)−1/2 ≈ −e2/d+ e2r2/d3/2.
e2 = q2e/(4πǫ). In this approximation, the exciton wave-
function is that of a two dimensional harmonic oscil-
lator with a force constant k = e2/d3 = µω2 and
ω = [e2/d3/µ]1/2. The exciton binding energy is Eex =
−e2/d+ ~ω/2. This can be written as
Eex = e
2/aB[−aB/d+ (aB/d)
3/2/2] (1)
For TMDC with d = 68A˚, ǫ = 4, Eex = 260K.
The size of the exciton is ξ = [~/(µω)]1/2 ≈
(aB/d)
1/4 ≈ 1/2. For current experimental parameters,
ξ ≈ 25A˚ is less than the average interparticle distance
that is of the order of 100A˚. Thus the condition of
well defined excitons is satisfied. The electroluminence
is proportional to the probability of finding the elec-
tron and hole on top of each other and thus equal to
ψexciton(r = 0) ∝ 1/ξ
2.
III. EXCITON SOLID PHONONS: OPTICAL
AND ACOUSTIC MODE
We next examine the phonon excitations when the ex-
citons are arranged in a lattice. We ignore the motion
of the particles perpendicular to the layer and focus on
their in plane motion. The lattice motion of the exciton
solid consists of two modes, an optic mode from the intra-
exciton vibration and an acoustic mode from the inter-
exciton vibration. We separate the optical mode from the
acoustic mode as follows. We assume the lattice positions
to be at Ri. At each site, we write the in plane coordi-
nates of the electrons and holes in terms of the center of
mass equilibrium and fluctuation positions (Ri+δR) and
the relative (ri) coordinates so that the coordinate of the
ith electron is given by rei = Ri+δRi+ri/2; of the hole,
rhi = Ri+δRi−ri/2. The potential energy of interaction
involves U =
∑
α,β=e,h,i,j V [(rα,i − rβ,j)
2 + d2δα,β ]
1/2/2
where V (u) = e2/u is the Coulomb potential. We ex-
pand the interaction in powers of δRi and ri. Since U is
even in ri, only even powers of this quantity appears in
a power series expansion. Thus in the phonon approx-
imation when the second order terms are kept we get
U =
∑
i6=j(δRi− δRj)
2 · ∇∇Vij +
∑
i,j(ri − rj)
2 · ∇∇Vij .
The two degrees of freedom are decoupled. For the rel-
ative coordinate, there is an additional intra-exciton in-
teraction for i = j in the sum for U . Following our
previous work on the phonons of rare gases adsorbed on
graphite[3], we carried out self-consistent phonon calcula-
tion of this bilayer system. The harmonic frequency is ob-
tained from solving the phonon equation for the Fourier
transform phonon modes:
mω2ei(q) =
∑
j
ej(q)Dij(q) (2)
where the dynamical matrix Dab(q) =
∑
R
(1 − cosq ·
R)∇a∇bU(R), ei(q) is the polarization vector. The har-
monic and the self consistent acoustic center of mass
phonon frequencies for an triangular exciton lattice for
parameters of our recent experiments ( density 2 ×
1012/cm2 lattice spacing 71A˚) are shown in Fig.1 as
a function of the wave vector along symmetry direc-
tions. Also shown in this figure are the self consistent
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FIG. 1: Phonon energy for the center of mass along sym-
metry directions of the two dimensional Brillouin zone for
rs = 13.3, corresponding to a density of 2× 10
12/cm2.
phone frequencies obtained by replacing the dynamical
matrix D by an average < D > so that < Dab(q) >=∑
R
(1 − cosq · R)∇a∇b < U(R + δR) >. The angular
brackets indicate a self-consistent thermal and quantum
average over the fluctuation δR.
The harmonic and the self consistent optic exciton vi-
bration frequencies are shown in Fig.2 as a function of
the wave vector along symmetry directions. We have
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FIG. 2: Phonon energy for the intraexciton mode along
symmetry directions of the two dimensional Brillouin zone.
explored the dependence of this on the density of the
3system. The harmonic and the self consistent acoustic
center of mass phonon frequencies for an triangular exci-
ton lattice of a larger spacing of spacing 152A˚ are shown
in Fig. 3 as a function of the wave vector along symmetry
directions.
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FIG. 3: Phonon energy for the acoutic mode along symmetry
directions of the two dimensional Brillouin zone. The lattice
constant is twice that in the previous two figures with rs =
26.6, corresponding to a density of 0.5 × 1012/cm2.
IV. LINDEMANN RATIO
We discuss first the qualitative behaviour of the Lin-
demann ratio for our system. The interparticle potential
has two regimes of behaviour. At small (large) distances
with r << d ( r >> d), V ≈ e2αr−n where n = 1, α = 1
(n = 3, α = 1/d2). The mean square lattice vibration
is < r2 >=
∑
q ~(2nq + 1)/(mωq) where nq is the num-
ber of phonons. The Bohr radius is aB = ~
2/(me2).
For a general interparticle potential V ≈ e2αr−n the
phonon frequency is given by mω2 = V ′′ = e2αa−n−2.
ω = e(α/m)1/2a−1−n/2. The Lindemann ratio at low
temperatures is given by < r2 > /a2 = (aB/α)
1/2an/2−1.
We thus expect that at very high densities with small
a < d, < r2 > /a2 = (aB/a)
1/2. Correspondingly at very
low densities with large a > d, < r2 > /a2 = (aBa)
1/2/d.
For both very large and very small a, the fluctuation and
the Lindemann ratio is large; one has a fluid. This is in
contrast with the Wigner crystal (n=1) where at large a,
the Lindemann ratio, (aB/a)
1/2, is small and the solid is
stable.
Our numerical result for the Lindemann ratio is shown
in Fig. (4) as a function of rs. It is around 20 per cent
and not a strong function of the density, as is indicated
above.
V. EFFECT OF BN
In the two dimensional electron system, the external
static potential such as that due to the dopants can sta-
bilize the solid phase relative to the fluid phase[5]. In
the current system, there is a thin boron nitride film in
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FIG. 4: The Lindemann ratio as a function of density with
and without the external potential from BN.
the middle in the experimental systems. The two di-
mensional electrons and holes see a static potential from
the periodic array of boron and nitrogen ions. We find
this potential produces a significant effect in reducing
the spatial fluctuation of the exciton solid and enhance
its stability. We calculate this next.
There is a charge transfer between boron and nitrogen
in boron nitride of magnitude[6] Q ≈ 0.47. We calcu-
late this potential by decomposing the potential from BN
film as consisting of a sum of two dimensional periodic
arrays at different vertical distances h away from the two
dimensional electron (hole) gas. The potential of each
two dimensional periodic array is sum of the Coulomb
potential U from the ions at the two dimensional peri-
odic BN lattice sites RB,Ni + δR
B,N
i with modulation
δRB,Ni =
∑
G δR
B,N
G e
iG·Ri from the interaction of the
BN latice with the incommensurate TMDC lattice with
reciprocal lattice vectors G. We assume that the hole
lattice is displaced by a slight amount relative to the elec-
tron lattice so that both the electron and the hole lattices
are close to the minima of the periodic potential[9].
The potential from the boron ions is given by
VB(r) =
∑
i UB(r − R
B
i − δR
B). This sum
can be written in Fourier space as VB(r) =∫
d2q/(2π)2
∑
i U˜qe
i(r−RB
i
−δRB) where the Fourier trans-
form of the Coulomb potential U˜(q) =
∫
dre−iq·rU(r) =
Q
∑
h e
−|q|h/|q|/ǫ/2 Because the boron and the nitrogen
ions have opposite charges, we assume δRNG = −δR
B
G. To
illustrate our result we have used a typically small strain
of δRNG/aBN of 2.5 per cent.
In terms of the reciprocal lattice vectors K of the BN
lattice
VB(r) ≈
∑
K
[V KB1(r) +
∑
G
V K−GB2 (r)]
V KX1(r) = U˜Ke
iK·r/ac, V
K−G
X2 (r) =
iU˜G−Ke
i(G−K)·r[(G − K) · δRXG )]/ac; ac is the area of
the unit cell of the BN lattice. Because of the factor
e−|K|h VB is dominated by contributions from the
nearest two BN planes with h1 ≈ 3.5A˚, h2 ≈ 7A˚ and
from the smallest reciprocal lattice vector K = 2π/aBN
4and K −G = 2π(1/aBN − 1/aTMDC).
The averages of the pinning potentials over the spa-
tial fluctuations of the excitons are determined by the
corresponding Debye-Waller factors as:
< V QBi(r) >≈ V
Q
Bie
−<(Q·δr)2>/2 (3)
In our calculation, this effect is determined self-
consistently. We find that the Debye-Waller factor for
VB1 is extremely small because < (K · δr)
2 > is large.
The average pinning potential VB2 with a wave vector
|G − K| ≈ |K|/4 < |K| is much bigger. Similarly the
potential from the nitrogen ions at sublattice position δ
is given by VN = −
∑
i U(r − Ri − δR
N
i − δ) where the
boron nitrogen distance is δ = 0.1446nm. This can be
written as a Fourier series:
VN (r) ≈ −
∑
K
[V KN1(r)e
−iK·δ +
∑
G
V K−GN2 (r)e
−i(K−G)·δ]
(4)
The BN potential is incommensurate with the lattice
constant of the exciton solid; misfit dislocations will
form[7, 8]. The lattice constant a of the exciton solid
lattice is very different from that of BN potential so that
γ = a(G−K)/(2π) is big. We approximate γ by the clos-
est integer γ0. Over most [1− (γ−γ0)/γ] of the Brillouin
zone away from the zone center, the phonons are well
approximated by that of a commensurate one with peri-
odicity a0 = 2πγ0/(G− k)[8] so that (a0 − a)/a, the dif-
ference in periodicty between the commensurate and the
incommensurate case, is small. In the small region close
to the zone center, |q| < [1− (γ− γ0)/γ]π/a the phonons
are gapless and correspond to the movement of the mis-
fit dislocations. An example of the approximate phonon
dispersion for the center of mass in the presence of this
potential away from the zone center is shown in Fig. (5)
for a density with rs = 13.3 and δR
B
G/aBN = 0.025. In
this figure, we show both the harmonic frequency without
the Debye Waller factor and the self consistent phonon
(scp) frequency where the Debye Waller factor is self con-
sistently determined. The contribution from VBN,1 is sig-
nificant in the harmonic approximation and becomes very
small in the scp result.
Relative to the bare phonon frequency, the phonon fre-
quency with the pinning potential from BN is increased
and the lattice vibration amplitude is reduced. The Lin-
demann ratio for the exciton solid in the presence of this
potential is shown in Fig.(4) as a function of the density
of the system. This factor is now less than around ten
per cent and suggests that the solid can be stabilized by
the BN potential. The temperature dependence of this
ratio is shown in Fig 6 a density of 4 × 1012/cm2. This
suggests that the solid is stable at low temperatures .
VI. POSSIBLE ”SUPERSOLID” BEHAVIOUR
There has been much recent interest in the supersolid
behaviour of Boson solids such as 4He. This kind of phe-
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FIG. 5: Phonon energy for the center of mass along sym-
metry directions of the two dimensional Brillouin zone in the
presence of the external potential due to BN for a density of
2× 1012/cm2 and δRG/aBN = 0.025.
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FIG. 6: The Lindemann ratio as a function of temperature
a density of 4× 1012/cm2 with and without the external po-
tential from BN.
nomenon is believed to come from the quantum trans-
port of defects. In our system the defect energy is lower
at the edge so we expect the density of defects to be
higher there. Thus we expect the possible ”supersolid”
behaviour to be dominated by the one dimensional quan-
tum transport of defects at the edges. There has been
much interest in the quantum transport of electrons in
wires[10], which manifested in a conductance of the or-
der of G0 = 2e
2/h. In one dimension there is no dif-
ference in statistics between impenetrable Bosons and
Fermions[11]. We thus expect a similar conductance to
be manifested in the Coulomb drag measurement, which
we have recently observed[12] and which motivated the
current work.
VII. CONCLUSION
In conclusion we examine a collection of excitons for
the limit that the exciton size is less than the exci-
ton separation so that the excitons are not interpen-
etrating. We propose that a collection of these exci-
tons can also form a solid in addition to being a fluid.
The stability of this in TMDC bilayer systems is in-
5vestigated. The external potential from the BN sub-
strate is found to be important and can stabilize the
solid phase. Our description for the exciton solid dif-
fers from that for the other limit when the excitons size
is larger than the exciton separation. In that case the ex-
citons are interpenetrating and their identity is not well
defined. This other limit corresponds to the charge den-
sity wave[13]/excitonic insulator[14], which is usually de-
scribed by a generalization of the mean field BCS type
wave function Π(uk − vkb
+
k+Qak)|0 > for electron (hole)
operators b+p (aq) and coefficients u and v. In real space
this function Ψ is a ”Slater determinant” of particle hole
functions f(re − rh) with specific two body momentum
correlations[15]: Ψ =
∑
P,Q(−1)
P+QΠi,jf(rePi − rhQj)
where we sum over all permuatations P and Q of the
particle and hole indices. The order parameter in this
limit is < ρq >=<
∑
p b
+
p+qap >, the average charge den-
sity of specific momentum q. The stability of this phase
comes from the nesting of Fermi surfaces of particle and
hole bands with momentum difference q so that the ki-
netic energy cost of forming an exciton is particularly
small. This nesting of Fermi surfaces is absent in the
bilayer TMDC system.
The electron hole system can also exist in a metallic
state of an electron-hole plasma, as has been observed
in bulk Ge under laser excitation[16, 17]. We have ex-
plored such a state for the current system with fixed node
quantum Monte Carlo simulation[18] and found that for
a single valley spin polarized system, the metallic state
is more favorable for rs < 5 for the bilayer system. This
is more likely to be observed in bilayer graphene. For
the similar density, the corresponding rs is much smaller
because of a much higher Bohr radius in the graphene
system.
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